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Abstract 
 
This paper deals with the transfer alignment problem of strap-down inertial navigation systems (SDINS), using elec-

tro-magnetic (EM) log velocity information and gyrocompass attitude information of the ship. Major error sources for 
velocity and attitude matching are lever-arm effect, measurement time-delay, and ship-body flexure (flexibility). To 
reduce these alignment errors, an error compensation method based on delay state augmentation and DCM (direction 
cosine matrix) partial matching is devised. A linearized error model for a velocity and attitude matching transfer align-
ment system is devised by first linearizing the nonlinear measurement equation with respect to its time delay, and aug-
menting the delay state into conventional linear state equations. DCM partial matching is then properly combined with 
velocity matching to reduce the effects of a ship’s Y-axis flexure. The simulation results show that this method de-
creases azimuth alignment errors considerably. 
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1. Introduction 

Transfer alignment enables a launched slave inertial 
navigation system (SINS) to align by using accurate 
information from the master inertial navigation system 
(MINS) of a vehicle. The transfer alignment tech-
niques are methodologically divided into angular rate, 
acceleration, velocity and attitude matching methods 
[1]. The Kalman filter estimates attitude errors of 
SINS or mounted misalign between MINS and SINS 
in the transfer alignment. As the Kalman filter acts like 
an observer, attitude error estimation is closely related 
to the observability of the transfer alignment systems. 
The acceleration or velocity matching method can 
achieve its alignment goal in horizontal linear acceler-
ated motion, as the angular rate or attitude matching 

method can in horizontal angular motion. A transfer 
alignment system based on combined matching meth-
ods can optimize the Kalman filter to outperform all 
others in arbitrary motions. The best combined match-
ing scheme is known to be the velocity and attitude, or 
angular rate and acceleration, observational method 
[1-3]. 

This paper presents a transfer alignment algorithm 
of the launched SDINS (SINS) EM log and Gyro-
compass (MINS) information of the ship, as dis-
played in Fig. 1. Major error sources for velocity and 
attitude matching are data-transfer time-delay, ship-
body flexure and lever-arm velocity. Lever-arm effect 
can be easily compensated, as the lever-arm length 
between MINS and SINS is given. The attitude mea-
surement from the gyrocompass is actually delayed, 
and this delay is the primary cause of azimuth errors 
induced during ship motion. Also, a ship’s flexure 
(especially the Y-axis component) is affected at such 
levels that the mounted misalign between SINS and  
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Fig. 1.  The concept of transfer alignment including time 
delay and ship body flexure. 

 
MINS can no longer be regarded as a random con-
stant. Based on this knowledge, this study seeks to 
reduce alignment errors induced by measurement 
time-delay and ship-body flexure; to do so, an error 
compensation method is devised based on delay state 
augmentation and DCM partial matching. 

The paper is organized as follows. In section 2, the 
Kalman filter model for velocity and attitude matching 
transfer alignment system is given. Section 3 describes 
the measurement time-delay error compensation me-
thod via delay-state augmentation, and section 4 ex-
plains how the DCM partial matching method compen-
sates for some flexure effects. In section 5, to show the 
validity of the proposed scheme, simulation conditions 
and results are given. Section 6 contains concluding 
remarks. 
 

2. Transfer alignment system model 

Fig. 2 shows a block diagram of the transfer 
alignment system constructed by combining EM 
log velocity matching and gyrocompass attitude 
matching. The velocity information measured from 
EM log vem is transformed into the navigation 
frame by using the DCM n

mĈ , and is subtracted 

from the estimated velocity of SDINS, ˆ .nv Then the 
velocity difference em

n
m

n
v vCvZ ˆˆ −=  is fed into the 

Kalman filter as a measurement input. On the other 
hand, the attitude information measured from the gyro-
compass, that is, the Euler angle ),,( ηθφ , is converted 

into the DCM n
mĈ  and is postmultiplied by the DCM 

product, s
n

m
s CC ˆˆ , where n

sĈ is the DCM of SDINS, and 
m
sĈ  corresponds to the mounted misalign between 

MINS and SINS. Also, the attitude error vector 
,d c mZ or the skew-symmetric matrix of dcmZ , 

s
n

m
s

n
mdcm CCCZ ˆˆˆ=  is supplied to the Kalman filter as a 

measurement input. 
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mĈ

VZ
DCMZ

nV̂ n
sĈ m
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Fig. 2. Transfer alignment system based on EM log velocity 
and gyrocompass attitude matching. 

 
The model for the design of the Kalman filter for 

the velocity and attitude matching transfer alignment 
system is basically given by the velocity error and 
attitude error differential (state) equations of SDINS 
[4, 5]. The mounted misalign vector µ  is also in-
cluded in the state equation as a random constant. The 
measurement vectors, vZ  and dcmZ , described in 
the previous section are updated in a discrete manner 
and comprise the measurement equations. 

Summarizing the Kalman filter model, the eight-
dimensional state vector is defined as Eq. (1), and the 
corresponding state equations consist of the velocity 
error Eq. (2), attitude error Eq. (3), and mounted mis-
align Eq. (4). Also, the five-dimensional measure-
ment equations are given by Eqs. (5) and (6). 

 
T

ZYXDENEN vvX ],,,,,,,[ µµµψψψ∆∆=   (1) 

f
nn

in
n
ie wfvv +×+∆Ω+Ω−=∆ ψˆ)ˆˆ(&   (2) 

ψψψ wn
in +Ω−= ˆ&   (3) 

0=µ&   (4) 
)()()( kwkvkZ v

n
v +∆=   (5) 

)()()()()( kwkkCkkZ n
mdcm εµψ −−=   (6) 

 
where accelerometer error elements fw , gyro error 
elements ψw , velocity measurement error elements 

vw , and attitude measurement error elements εw
 are 

assumed to be white noises. 
Major error sources of transfer alignment by com-

bining EM log velocity matching and gyrocompass 
attitude matching are known to be data-transfer time-
delay, ship body flexure and lever-arm velocity. The 
attitude measurement from the gyrocompass is actu-
ally delayed, and in turn this principally induces an 
azimuth error during the ship motion. Also, a ship’s 
flexure affects in such levels that the mounted mis-
align between SDINS and gyrocompass cannot be 
regarded as a random constant any longer. Motivated 
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by these, in this study, to reduce alignment errors 
induced by measurement time-delay and ship body 
flexure, an error compensation method is devised 
based on delay state augmentation and DCM partial 
matching, and is described as follows. 
 

3. Delay-state augmentation 

The navigation computer of SDINS receives the 
delayed attitude information )( tkC n

m ∆− and the 
delayed velocity information )( tkVem ∆−  from gy-
rocompass and EM log at current time k  by the 
transfer time-delay t∆ . The delayed measurement 
from the gyrocompass and EM log is mismatched 
with that of SDINS in the time domain. In the case of 
ship navigation, the instantaneous linear velocity var-
ies much slower than attitude change, and the meas-
urement time-delay effect of the EM log can be ne-
glected compared to that of the gyrocompass. In this 
respect, the horizontal (N- and E-axes) alignment via 
velocity matching can be accomplished in spite of the 
time mismatch, while the performance of the azimuth 
(D-axis) alignment via attitude matching is degraded. 
In order to reduce azimuth alignment errors induced 
by the delayed attitude measurement, we suggest an 
error compensation method based on the following 
delay-state augmentation. Let )(ˆ tkCn

m ∆−  or 
)~,~,~(ˆ ηθφm

nC  be the computed DCM matrix using 
the delayed gyrocompass measurements 
( , , )  ,ϕ θ η%% % where φφφ ∆−=~

, θθθ ∆−=~
 and 

ηηη ∆−=~  are the Euler angles at tk ∆−  ( t∆  to 
the current time k ). 
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(7) 

 
Since φ∆  is small enough, the terms )sin( φφ ∆+  

and )cos( φφ ∆+  in Eq. (7) can be approximated as: 
 

φφφφφ cossin)sin( ∆−≈∆+  
φφφφφ sincos)cos( ∆+≈∆+   

which is similar to the cases of )( θθ ∆− and 
)( ηη ∆− . Then, using these approximations, 

)~,~,~(ˆ ηθφn
mC  is divided into two parts: 
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Again, Eq. (8) can be expressed explicitly in time 

variable as 
 

tkCkCtkC n
m

n
m

n
m ∆∆+=∆− )(ˆ)(ˆ)(ˆ   (10) 

 
where )(ˆ kC n

m∆  is ),,(ˆ ηθφ &&&n
mC∆  of Eq. (9) in which 

),,( ηθφ ∆∆∆  are replaced by ),,( ηθφ &&& . Note that in 
deriving Eq. (10), other approximations, t∆=∆ φφ & , 

t∆=∆ θθ & , and t∆=∆ ψψ & , are utilized. 
Now, subject to the data transport time delay, the 

attitude measurement equation becomes 
 

tkDkZ
kCkCtkCkZ

DCM

s
n

m
s

n
mDCM

∆+=
∆−=

)()(
)(ˆ)(ˆ)(ˆ)(~

  (11) 

 
or in vector form 
 

tkdkZkZ dcmdcm ∆+= )()()(~   (12) 
 
where 

 
)(ˆ)(ˆ)(ˆ)( kCkCkCkD s

n
m
s

n
m∆=   (13) 

(2,3) (1,3) (1,2)[ , , ] ,Td D D D= − −   (14) 

 
and ),( jiD  is the element in row i and column j of the 
matrix D . 

As can be seen from Eq. (11), the original meas-
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urement equation is linearized with respect to the 
delay t∆ . Furthermore, assuming that t∆  is an al-
most random constant (actually, it has a slow time-
varying bias), we can get the augmented model by 
appending 

 
0=∆t&   (15) 

 
into the linear state Eqs. (2)-(4). 

For the measurement time delay error compensa-
tion to be effective, the delay state t∆  needs to be 
estimated through the Kalman filter. Let us check if 
the augmented Kalman filter model is observable: 
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where the matrix H  is time-varying along ship mo-
tion conditions. Note that the observability analysis of 
a time-varying system is quite cumbersome and in-
volves the evaluation of Grammian observability. 
Hence, instead of this, we apply the observability 
analysis method for piecewise constant systems [8]. 
Since in normal weather conditions, the ship moves 
vary slowly, relative to the measurement sampling 
frequency as observed in the simulation (see section 
5), H  in Eq. (18) can be regarded as a continuation 
of piecewise constant matrices. 

Without any ship angle motion, n
mC  and d in Eq. 

(18) are constant matrices so that 33×= IC n
m , 

130 ×=d , and 330 ×≈Ωn
in . The observable states are 
,,, NEN vv ψ∆∆  YXE µµψ ,, ZD µψ +,  and the 

time-delay state is not observable. 
When there is roll (or pitch) angle motion, it fol-

lows that 
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Since n

mC  and d are no longer constant matrices 
under roll angle motion, all the states in Eq. (16) are 

shown to be observable and the time-delay state can 
be estimated based on the observability analysis pro-
cedure of [8]. 
 

4. DCM partial matching 

A ship undergoes roll, pitch, and yaw motions due 
to waves or windy conditions, and the ship’s body 
flexure in real conditions may cause a time-varying 
angular rotation of the SDINS axes relative to the 
gyrocompass. The result is that the mounted misalign 
µ  in Eq. (4) cannot be regarded as a random con-
stant any longer [3, 7]. 
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where M  is the skew-symmetric matrix of µ  , 0µ  
is the magnitude of µ , and s

msω  represents the 
relative angular velocity vector between SDINS and 
gyrocompass. Note that if the ship’s body is rigid, 

s
msω  in Eq. (19) becomes zero leading to Eq. (4). 

Similar to the case of measurement time-delay, this 
ship-body flexure also induces azimuth alignment 
errors. 

Due to difficulties in modeling the flexure phe-
nomena, there have been few approaches able to 
compensate for significant flexure effects. In this 
work, pointing out that the Y-axis flexure component 
is relatively large and has a significant influence on 
the Kalman filter’s performance of azimuth error 
estimation, we suggest the so-called “DCM partial 
matching” method, which excludes the state and 
measurement variables closely related with Y-axis 
flexure effects. 

To be specific, if µ  in Eq. (19) is small enough 
(within 3°), the terms M  and 0µ  can be ap-
proximated as 330 ×≈M  and 00 ≈µ , and it be-
comes 
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where T

ZzYyXx
s
ms ],,[ ωωωω = . 

From Eq. (20), we see that Yµ  is directly depend-
ent on Yyω , which is induced by the Y-axis’ flexure. 
Thus, to decouple the alignment errors from the ef-
fects of Yyω , we have only to exclude Yµ  from the 
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error state Eqs. (1) to (4). One remaining problem is 
how to separate Yµ  from the attitude measurement 
Eq. (6). Transforming both sides of Eq. (6) by m

nC , 
we get 
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Note that )(Yydcmz

 
in Eq. (21) is dependent on Yµ  

only. 
In summary, our partial matching scheme is de-

rived by excluding Yµ  and )(Yydcmz  from the Eqs. 
(1) to (6), and the augmented Kalman filter model is 
given by  
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In Eq. (22), although Yµ  is excluded in the partial 
matching, Yµ  can be recovered as follows: 
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by using the previous mount misalign information, 

)1(ˆ −kC s
m , where ‘ rot ’ stands for the rotation vector 

from DCM. It is also noted that )(ˆ kC m
n  in Eq. (25) 

contains undelayed Gyrocompass attitude information 
that can be advanced by the estimated delay amount. 
 

5. Simulation results 

There are many error sources affecting the transfer 
alignment system. These error sources are classified 
as either sensor errors or matching errors. Sensor 
errors are those of SDINS (gyro and accelerometer), 
EM log, and gyrocompass, while matching errors  

 

Table 1. Frequency and amplitude of the ship’s roll and pitch 
angle motion. 
 

 Frequency (
if ) Amplitude (

iA ) 

Roll 0.07 ~ 0.18 Hz 0.42 ~ 2.10˚ 

Pitch 0.11 ~ 0.22 Hz 0.3 ~ 1.5˚ 
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Fig. 3. Computer simulation diagram. 
 
stem from launcher angle, lever-arm effect, sea cur-
rent, measurement time-delay, and ship-body flexure. 
Therefore, for a rigorous performance analysis of the 
transfer alignment algorithm of mixed EM log veloc-
ity and gyrocompass attitude matching, all of the 
above-mentioned error sources should be accounted 
for, as shown in Fig. 3. 

First, ship motion is generated by a combination of 
sinusoidal waves: 

 

∑
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where iA  and if  are the amplitude and the fre-
quency of the i th harmonic, respectively. For sim-
plicity, only roll and pitch motions are treated in the 
simulations, and according to the usual frequency 
spectrum [9, 10], the corresponding iA  and if  are 
assigned as in Table 1. Also, the sensor errors of 
SDINS are modeled by Eqs. (27) and (28), and their 
magnitudes are specified in Table 2. 
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Table 2. Sensor error elements of SDINS. 
 

Gyro Magnitude : 1σ 

Bias repeatability  0.2 deg/hr 
Bδω  

Scale factor stability 200 ppm 
gKδ  

Misalign 1.0 arcmin 
gN∆  

Mass-unbalance 0.05 deg/hr/g 
gM∆  

Anisoelastic 0.5 deg/hr/g2 
gEδ  

Anisoinertia 0.5 deg/deg/ (rad/sec)2 
gIδ  

Cross-coupling 0.5 deg/deg/ (rad/sec)2 
gCδ  

Angle-rate sensitivity 0.5 deg/deg/ (rad/sec)2 
gδΩ  

White noise 0.01 deg/hr 
whiteg  

Random walk 0.001 deg/hr/hr1/2 
walkg  

1st markov 0.05 deg/hr , 1.0 min 
markovg

Accelerometer Magnitude : 1σ 

Bias repeatability 200 µg 
Baδ  

Scale factor stability 200 ppm 
aKδ  

Misalign 1.0 arcmin 
aN∆  

Anisoinertia 50 µg/ (rad/sec)2 
aIδ  

Angle-rate sensitivity 50 µg/ (rad/sec)2 
aδΩ  

White noise 40 µg 
whitea  

Random walk 10 µg/ hr1/2 
walka  

1st markov 30 µg , 1.0 min 
markova

 
Next, the sensor information from gyrocompass and 

EM log is generated by Eqs. (29) and (30), and the 
magnitude of sensor errors is given in Tables 3 and 4. 

 
1 cos sinˆ tan

cos sin ( sin cos )
     sin 2

n e

n
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P P
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+ +

 (29a) 
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d e
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  (29c) 

 
ememememZYwXXem wvKvBvavvvv +++∆+++= δδ   (30) 

Table 3. Sensor error elements of the gyrocompass. 
 

 Magnitude : 1σ 

Stable platform tilt 3 arcmin Pδ  

Synchro-conversion error 5 arcmin Sδ  

Non-orthogonality 5 arcmin Nδ  

1st Markov noise 1 arcmin , 0.1 sec - 

 
Table 4. Sensor error elements of the EM log. 
 

 Magnitude : 1σ 
Sea current 0.5 m/sec 

wv  

Probe misalign 1 deg a  

Magnetic field scattering 1 % B∆  

Bias 0.1 m/sec 
emvδ  

Scale factor stability 1 % 
emKδ  

White noise 0.2 m/sec 
emw  

 
Table 5. Ship flexure parameters. 
 

 
nω  ς  σ  

X-axis  0.20 Hz 0.1 0.01˚ 
Y-axis 0.15 Hz 0.5 0.1˚ 
Z-axis 0.25 Hz 0.5 0.001˚ 

 
Taking into account the actual communication delay 

between gyrocompass and SDINS, it is assumed that 
the time-delay may vary within 30 msec and may jump 
by 5 msec several times, and that ship-body flexure is 
modeled by the second markov process [6] with a mag-
nitude (1σ ) of 0.001° ~ 0.1° :  

 
wfnfnf =++ θωθζωθ 22 &&&   (31) 

 
where w  is white noise with 0)( =wE  and 

232 4)( σζω nwE = , and the corresponding parameters 
are chosen as shown in Table 5 . 

Now, by repeating Monte Carlo simulations, the ef-
fects caused by various error sources on the transfer 
alignment of three axes are evaluated and depicted in 
the histogram of Fig. 4. 

 
 

Notations in Fig. 4 
① Launcher angle 
③ Sea current 
⑤ Accelerometer error 
⑦ Gyrocompass error 
⑨ Ship-body flexure 

② Lever-arm effect 
④ Gyro error 
⑥ EM log error 
⑧ Measurement time-delay 
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From the figures, notice that the error range of the 
D-axis is at least 10 times wider than the error range 
of the other axes, which means that the azimuth align-
ment is degraded significantly. Fig. 4(c) shows that 
the main error sources are gyrocompass error, meas-
urement time-delay and ship-body flexure. However, 

in this study, gyrocompass error is not considered and 
is treated as a sensor error in itself. 

Figs. 5-7 show, respectively, Monte Carlo simula-
tion results without and with error compensation us-
ing the present method and assuming a worst-case 
scenario in which the delay continues for 30msec and 

0.02 0.02
0.06 0.04

0.51

0.2

0.03 0.02 0.02

0

0.1

0.2

0.3

0.4

0.5

0.6

A
lig

n
m

e
n
t 
er

ro
r 
(m

ra
d
)

1 2 3 4 5 6 7 8 9

Error sources

0.02 0.02
0.06 0.04

0.51

0.2

0.03 0.02 0.02

0

0.1

0.2

0.3

0.4

0.5

0.6

A
lig

n
m

e
n
t 
er

ro
r 
(m

ra
d
)

1 2 3 4 5 6 7 8 9

Error sources  

0.02 0.02

0.04 0.04

0.4

0.34

0.04

0.03 0.02

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

A
lig

n
m

e
n
t 
e
rr
o
r 
(m

ra
d
)

1 2 3 4 5 6 7 8 9

Error sources

0.02 0.02

0.04 0.04

0.4

0.34

0.04

0.03 0.02

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

A
lig

n
m

e
n
t 
e
rr
o
r 
(m

ra
d
)

1 2 3 4 5 6 7 8 9

Error sources  
0.18 0.18 0.19 0.31 0.18 0.18

7.1

5.4 5.2

0

1

2

3

4

5

6

7

8

A
lig

n
m

e
n
t 
er

ro
r 
(m

ra
d
)

1 2 3 4 5 6 7 8 9

Error sources

0.18 0.18 0.19 0.31 0.18 0.18

7.1

5.4 5.2

0

1

2

3

4

5

6

7

8

A
lig

n
m

e
n
t 
er

ro
r 
(m

ra
d
)

1 2 3 4 5 6 7 8 9

Error sources

        (a) N-axis alignment performance               (b) E-axis alignment performance               (c) D-axis alignment performance
 
Fig. 4. Effects by various sources on transfer alignment. 

 

 
             (a) Without compensation                            (b) With compensation                             (c) Estimate delay state 
 
Fig. 5. Alignment performance about measurement time-delay. 

  

      
                          (a) Without compensation                                                                (b) With compensation 
 
Fig. 6. Alignment performance about ship body flexure. 
 

      
                               (a) Without compensation                                                               (b) With compensation 
 
Fig. 7. Alignment performance about measurement time-delay and ship body flexure. 
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1σ  of Y-axis’s flexure is 0.1°. Note that the delay 
amount and flexure magnitude are assumed to be 
known only for simulation purposes. Comparing the 
two figures with and without compensation, the aug-
mented Kalman filter with DCM partial matching 
performs much better in the D-axis alignment than the 
conventional Kalman filter. To be specific, the azi-
muth angle error settles down about 2mrad in 60 sec-
onds for the present case, while showing about 8mrad 
for the conventional one. As displayed in Fig. 5(c), 
the delay state can be estimated during ship motions, 
resulting in considerably less misalignment. 
 

6. Concluding remarks 

An error compensation framework for the EM log ve-
locity and gyrocompass attitude matching transfer 
alignment system has been established through delay 
state augmentation and DCM partial matching. Through 
the observability analysis and the interpretation of re-
sults from computer simulations, we find that this ap-
proach effectively improves azimuth alignment per-
formance. Surprisingly, the errors induced by meas-
urement time-delay and ship-body flexure decrease by 
25%. 
 

Nomenclature----------------------------------------------------------- 

i   :  Inertial frame 
e   :  Earth fixed frame 
n   :  Navigation frame (N,E,D) 
s   :  IMU (Inertial Measurement Unit) frame of  
  SDINS 
m  :  Gyrocompass (ship body) frame (X,Y,Z) 

'm  :  Perturbed m  frame by ship body flexure 
λ   :  Launcher frame 

B
AC   :  Transformation matrix from A frame to B  

  frame 
Av   :  Velocity coordinated in A frame 
Af   :  Acceleration coordinated in A frame 

A
ijω    : Angular velocity of i  frame relative to j   

   frame, coordinated in A frame 
A
ijΩ   :  Skew-symmetric form of A

ijω  
AF   :  Skew-symmetric form of Af  

 ( ^ )  :  Computed value 
µ    :  Mounted misalign error between SDINS  
   and gyrocompass 

v∆   :  SDINS velocity error 
ψ   :  SDINS attitude error 
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